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Solving equations of motion in gravitational field is not simple: it uses the conservation energy expressed in polar coordinates r, φ
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and leads to the equation of ellipsis, written in a parametric way 
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Can we show this problem in a multimedia manner?  
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One uses "gravitational" funnels for illustrating motion of planets: orbits of balls or coins are in these funnels, to the first approximation, closed. This reflects particular form of the gravitational potential, 1/r and is important, say, for the constancy of the climate on Earth. 
[image: image15.jpg]We show here that if the hamiltonian of the system, instead of
the “ordinary” general coordinates, i.e. position and
momentum can be expressed as a function of the rotation
angle and angular momentum, than the trajectories are closed.

The dependence to show is:
H=H(g .p)2 H=H(p.L)
We recall relations for the Hamiltonian in “usual” coordinates
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Knowing that for the central field the angular momentum is
constant
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So the Hamiltonian can be defined
H=H(q ,p)? H=H()

and we can define also an angular velocity
. 0H
Pi= o a'(d) dependent only on angular momentum.

If so, the trajectories are closed.

In practice, only for the classical harmonic oscillator (E~1)
and the hyperbolic field (E~1/1) the trajectories are closed.




Funnels and hamiltonian 

Fig.1 Hyperbolic funnel

In real gravitational funnels the orbits are not exactly closed, due to finite dimensions of coins, their spin motions and not exact 1/r potential. If you take any funnel, orbits are open immediately, not into the "first" approximation. The only other potential assuring closed orbits is the harmonic one, r2, i.e. a ball kept by springs. This is due to a particular property of the Hamiltonian for these two interactions, which is transformable into a linear function of the action. 

Hamiltonian of a central field 

(thanks to prof. E. Pagani)

[image: image16.jpg]



A simple program allows to check different forms of the gravitational field.  One sees immediately that changing slightly the form of the field from 1/r to more general 1/rn   open orbits. 
We can show the same in a hard-media way, i.e. using another type of funnel, see fig.4.
Fig.2. Program for calculating orbits with fields V=-1/rn  

 ©Mauro Brunato

This snapshot was done with n=1.1

A perfect gravitational funnel

This following calculation shows that the funnel from fig.1. is not perfect for obtaining really closed orbits (one sees it also just launching a ball inside the funnel form fig.1.). 

We are looking for a construction function for the funnel to obtain the force proportional to 
[image: image3.wmf]2

1

x

. 

Calculating the centripetal component of the gravitational force we obtain for the shape f (x):
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 (1) 
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So the searched function must follow the differential equation 
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(2)

The hyperbolic funnel is described by f(x)=
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, so for the left side of eq.(2) we read 
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,                        instead of  
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We are searching the function which would approximate (2) above a certain x0.

For 
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it can be a function
 
[image: image11.wmf]c

dt

k

k

t

k

x

c

dt

k

t

x

k

f

x

k

x

k

+

-

-

=

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

×

=

ò

ò

2

2

4

3

2

2

4

3

2

4

6

)

2

(

3

2

1


The numerical solution for a given k shows the picture below.
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Fig.4. The shape of a “perfect” gravitational funnel.  
Who will construct such a funnel?   




©Anna Niedzicka
Non-Kepler funnels 

It was known from mid of XIX century, that Mercury planet performs an open orbit. A. Einstein in 1916 [1] explained why: the field is slightly different from 1/r, due to a huge mass of Sun (which changes the geometry of Space). This was one of the proofs for General Theory of Relativity. Note how Einstein always accomplished theoretical paper with practical results.  

[image: image17.png]Berechnet man das Gravitationsfeld um eine GroBen-
ovdnung gensuer, und ebenso mit entsprechender Genauig-
keit die Bahnbewegung eines materiellen Punktes von relativ
unendlich Kleiner Masse, so erhiilt man gegeniiber den Kepler-
Newtonschen Gesetzen der Planetenbewegung eine Abwei-
chung von folgender Art. Die Bahnellipso eines Planeten er-
filhrt in Richtung der Bahnbewegung eine langsame Drehung
vom Betrage

o
(15) =247 prai oy
pro Unlauf. In dieser Formel bedeutet a die groBe Hallac
¢ dio Lichtgeschwindigkeit in ablichem MaBe, e die Exzentriz
T die Umlaufszeit in_Sekunden.?)

Die Rechnung ergib fiir den Planeten Merkur eine Drehung
der Bahn um 43" pro Jahrhundert, genau entsprechend der
Konstatierung der Astronomen (Leverrier); diese fanden
nimlich einen durch Storungen der fbrigen Planeten nicht
erklirbaren Rest der Perihelbewegung dieses Planeten von
der angegebenen GroBe.

1) Beziiglich der Rechnung verweise ich auf die Originalabhand-
lungen A. Einstein, Sitzungsber. d. Preuf. Akad. d. Wiss. 47, p. 831.
1915 — K. Selwarzschild, Sitzungsber. d. Preud. Akad. d. Wiss, 7
P. 189, 1916,

(Eingegangen 20. Marz 1016.)
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Fig.4. This spherical funnel gives nice open orbits

Fig.5. Precession of Mercury's orbit, as seen in snapshots for 200,000 years (adapted from Bielorussian folk art) 

Funnels and quarks
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S. Bethke, 2002 

http://arxiv.org/PS_cache/hep-ex/pdf/0211/0211012.pdf 

Inside the proton or neutron, strong 

interactions between quarks increase with the distance – for this reason we do not observe free quarks. Parabolic funnels can be models for these interactions. 

Funnels and economy


Finally, funnels are not only 

scientific, but sometimes also

useful, collecting spare coins

at London Stansted airport
[1] A. Einstein, Erklärung der Perihelbewegung de Merkur aus der allgemeinen
 Relativitätstheorie, Sitzber. Preuss. Akad. d. Wiss. 1915, p. 831
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